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Human cornea thermo-viscoelastic behavior ==
modelling using standard linear solid model

Hassan M. Ahmed"”, Nancy M. Salem' and Walid Al-Atabany'

Abstract

Background Corneal biomechanics is of great interest to researchers recently. Clinical findings relate them to corneal
diseases and to outcomes of refractive surgery. To have a solid understanding of corneal diseases’ progression, it is
important to understand corneal biomechanics. Also, they are essential for better explaining outcomes of refractive
surgeries and their undesired consequences. There is a difficulty for studying corneal biomechanics in-vivo and
multiple limitations arise for ex-vivo studies. Hence mathematical modelling is considered as a proper solution to
overcome such obstacles. Mathematical modelling of cornea in-vivo allows studying corneal viscoelasticity with
taking into consideration all boundary conditions existing in real in-vivo situation.

Methods Three mathematical models are used to simulate corneal viscoelasticity and thermal behavior in two
different loading situations: constant and transient loading. Two models of the three are used for viscoelasticity
simulation which are Kelvin-Voigt and standard linear solid models. Also, temperature rise due to the ultrasound
pressure push is calculated using bioheat transfer model for both the axial direction and as a 2D spatial map using the
third model (standard linear solid model).

Results Viscoelasticity simulation results show that standard linear solid model is efficient for describing the
viscoelastic behavior of human cornea in both loading conditions. Results show also that the deformation amplitude
obtained from standard linear solid model is more reasonable for corneal soft-tissue deformation with respect to
corresponding clinical findings than that obtained from Kelvin-Voigt model. Thermal behavior results estimated
corneal temperature rise to be roughly 0.2 °C, which conforms with FDA regulations for soft tissue safety.

Conclusion Standard Linear Solid (SLS) model is better describing the human corneal behavior in response to
constant and transient load more efficiently. Temperature rise (TR) for the corneal tissue of about 0.2 °C is conforming
with FDA regulations and even less than the FDA regulations for soft tissue safety.
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Introduction

Deformation behavior of soft tissues due to stress is
investigated by measuring their biomechanics proper-
ties. Recently, research is giving attention to biomechani-
cal properties of ocular tissues so as to understand the
progression of ocular diseases such as: keratoconus, and
post-refractive ectasia which are characterized by cor-
neal tissue deformation. Also, elasticity changes before
and after the refractive surgeries are of their interest as
they affect the developing of post-refractive ectasia. Bio-
mechanical properties are reported to be changing due to
keratoconous corneas and refractive surgeries [1], [2]. A
comprehensive review about the impact of post-refrac-
tive surgeries on corneal biomechanics and how can they
be measured is presented by our previous paper [3].

Understanding of cornea biomechanics leads to bet-
ter understanding of these corneal alterations and how
to treat them. Many researches have focused on investi-
gation of the corneal biomechanics ex-vivo such as the
work reported in [4]. However, ex-vivo cornea experience
swelling and loss of its tear film leading to changes in its
biomechanical properties [1]. Hence, there is a great need
for in-vivo cornea studies that allows for normal and dis-
eased cornea biomechanics. Mathematical modelling of
corneal biomechanics is the first step in understanding its
behavior in normal and diseased states. A suitable model
should describe the elastic and viscous components
of the cornea as its tissue exhibits viscoelastic behavior
when loaded under certain forces transiently [2].

Human cornea experiences a viscoelastic behavior
when subjected to a transient stress [5]. This behavior can
be represented by two components; elastic component
and viscous component. The elastic component gives an
instantaneous deformation while the viscous component
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Fig. 1 (a) Maxwell Model, (b) Kelvin-Voigt and (c) Standard linear solid
model in Kelvin-Voigt representation
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gives a damping deformation. Elastic and viscous com-
ponents can be modelled by spring; with elasticity of
(E); and dashpot; with viscosity of (17); system compo-
nents respectively. The spring represents the pure elastic
behavior to an applied load, while the dashpot represents
the time-dependent viscous resistance to that load.

There are multiple models that are used to describe the
viscoelasticity behavior, amongst them Maxwell model,
Kelvin-Voigt model and the standard linear solid model
[6]. The three models are presented in Fig. 1. Maxwell’s
model consists of a spring and a dashpot connected in
series to each other, while Kelvin-Voigt model consists
of the same two components but connected in parallel to
each other. Standard linear solid model in Kelvin-Voigt
representation has an extra spring element connected in
series to the parallel spring-dashpot connection.

Several research proposed mathematical models for
studying corneal biomechanics. One of them is the
model reported in [5], where two Kelvin-Voigt models
in series with a spring is proposed to compare the effect
of fast versus slow viscoelastic behavior. In [7], a Kelvin-
Voigt model is proposed to study the effect of elasticity
and viscosity separately on corneal hysteresis. In [8], a
mathematical model based simulation is proposed to
investigate induced corneal vibrations due to air-puff and
its relationship to intra-ocular pressure and viscoelastic-
ity of the cornea. Other mathematical models are pro-
posed to study the heating effect of different wavelengths
of UV lasers used in corneal ablation procedures as well
[9-11]. Temperature rise calculation due to microwave
radiation formed the first step towards modelling the
thermal behavior of the human eye [12], [13]. While the
first FEM model developed for describing the human eye
thermal behavior while undergoing LASER radiation is
introduced by [14].

This paper presents a mathematical model to investi-
gate the corneal tissue viscoelastic behavior and thermal
behavior, i.e., temperature rise (TR); when subjected to a
transient force under the effect of intra-ocular pressure
and tear film pressure. This study represents a continua-
tion of our project that is presented in [15].

The paper is organized as follows, Sect. 1 presents an
introduction about the importance of corneal biome-
chanics to corneal diseases and refractive surgeries out-
comes, different mathematical models that are used to
describe soft-tissue biomechanics and thermal behavior
and advantages of each one with respect to the others.
The proposed methodology for the simulation procedure
using both models is introduced in Sect. 2. Results are
presented and discussed in Sect. 3 and the paper is con-
cluded in Sect. 4.
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Methodology

The viscoelastic and the thermal behaviors of the corneal
tissue are simulated using mathematical equations to
investigate the corneal behavior in response to ultrasonic
transient load. The viscoelastic behavior is simulated
using a constant and a transient load simulation. While
the thermal behavior is simulated in case of a transient
load only. The methodology is divided into two major
sections, one for simulating the viscoelastic behavior and
the other for simulating the thermal behavior. The first
major section is furthermore divided into two subsec-
tions, one for simulating the corneal viscoelastic behav-
ior due to constant load and the other for simulating its
behavior due to the transient load. Afterwards; the cor-
neal viscoelastic behavior is simulated for a wide range
of Young’s moduli starting from 150 KPa till 3 MPa [16],
[17] in order to predict whether the corneal behavior is
linear or not. This is in correspondence with Fung et al.
[18], [19] and Hoeltzel et al. [20], where they recommend
that for nonlinear behavior tissues, the study should not
be carried out for a single Young’s modulus.

Viscoelastic behavior

In this section, both the Kelvin-Voigt and the standard
linear solid models are used to simulate the human cor-
nea viscoelastic behavior. Maxwell’s model is discarded
due to its indefinite creep behavior and because it does
not fully recover from deformation due to the pure vis-
cous component.

Rcornea anterior = 7.8 mm

Rcornea posterior — 6.8 mm

Reye posterior — 11 mm

Reye anterior = 12mm
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The complete vertical cross-section of human eye
with cornea represented as standard linear solid model
is shown in Fig. 2. The corneal tissue is modelled using
Kelvin-Voigt model and standard linear solid model. Its
behavior using both models is simulated under two sce-
narios; while applying a constant load and a transient
load respectively. The constant load is simulated as a unit
step function, and the transient load is simulated as a
sinusoidal burst of 3 cycles applied for 40% of the simula-
tion time. The transient load is chosen to be a sinusoidal
burst as it simulates the acoustic radiation force burst as
an internal actuator generated from an ultrasound trans-
ducer during elastography procedure [3], [15], [21].

The corneal tissue elasticity is set to 150 KPa to sim-
ulate a normal corneal tissue [22]. Either the constant
load or the transient load is applied at the corneal apex.
The simulation time is 5 msec for both Kelvin-Voigt and
standard linear solid model to study their strain behav-
ior. Constant load is applied for the full 5 msec, while the
transient load is applied for only 2 msec. The complete
simulation parameters are listed in Table 1.

For a Kelvin-Voigt material; the stress-strain equation
as a function of time is given by Eq. (1):

de (t)
dt

o(t)=Fe(t)+n (1)

P

applied

P

applied

S

Fig. 2 Complete vertical cross-section of human eye, and corneal tissue represented with standard linear solid model



Ahmed et al. BMC Ophthalmology (2023) 23:250

Table 1 Simulation parameters for Kelvin-Voigt and Standard
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Table 2 Bioheat parameters’values for Egs. (5) & (6) [24]

Linear Solid models Quantity Value
Simulation Parameters Simulation Type C 4178
Constant Transient k 0.58 W/mK
Load Load w, 7e10
Excitation Frequency 0Hz 1 KHz T, 36.7 °C
Number of cycles per burst 3 Q, 2610
Excitation window per simulation time 100% 40% h, 14W/m2 °C
Applied Load 800 Pa 27 KPa 0
SiF::uIation Duration 5 msec Lamy 0
€ 0.975
Young'’s Modulus 150 KPa
Viscosity 100 Pa.sec. 250 Pa.sec.
Tear Film Load 415 mmHg ~550 Pa by [24] to study the thermal behavior of human eye due

Intraocular Pressure (IOP) 15 mHg ~ 2050 Pa

where o is the applied load in (Pa), F is the modulus of
elasticity, ¢ is the strain in (mm) and 7 is the viscosity in
(Pa.sec.).

The strain as a function of time due to Kelvin-Voigt
model will follow Eq. (2) when subjected to a sudden
stress:

e(t) = —=(1—er) )

where Tr = } is the retardation time and t is the simula-
tion time in seconds.

Strain as a function of time due to standard linear solid
model is given in Eq. (3):

et) = fo (1 - e%) (e%) (3)

When applying either a constant or a transient load
P picss the total load experienced by the cornea is given
by the following Eq. (4):

Q

R‘esulmnt = Papplied + ]Dtem'f'ilm —I0OP (4)

where P,,,. film is the tear film pressure working in the
same direction of the applied load and equals 4.15 mmHg
[23], and IOP is the intra-ocular pressure. Tear film pres-
sure is responsible of maintaining corneal tissue constitu-
ents in place together.

Thermal behavior

Temperaturerise (TR)

In this section, we will consider a focused ultrasound
transducer placed at 28 mm above the corneal tissue of
the human eye. A saline cup is placed in the distance
between the transducer face till the corneal tissue. Ther-
mal behavior is simulated using the mathematical model
of bioheat transfer equation formulated by Pennes [24],
[25]. Bioheat equation is used in a former work presented

to InfraRed (IR) LASER exposure in ophthalmic refrac-
tive procedures. Bioheat transfer for corneal tissue is
given by Eq. (5):

oT
ptcl/i =V (kVT> + I/Vbcpb <,Tn - T) =+ Qm +H

Where p; represents tissue density, C; represents tissue
specific heat, W, represents the blood perfusion rate,
Cpy represents the specific heat of blood, T, represents
the arterial blood temperature, | represents the specific
tissue thermal conductivity, and VT represents the tem-
perature spatial gradient. The heat generated inside the
tissue in response to an external heat source due to tem-
perature rise (TR) is represented by the term H. we will
model H mathematically in the next section. The exter-
nal heat source in this study is the pressure push due to
ultrasonic transient load. The boundary condition equa-
tion of the cornea is given by Eq. (6) [24], [26]:

T ,
—k—g =he(T = Ty) + 0 (T' = T,,) (6)
X

Where /i, represents the heat transfer coefficient of the
cornea. Stefan-Boltzmann constant is represented by o.
The emissivity of the corneal surface is represented by e.
T, represents the ambient temperature surrounding
the anterior cornea. Equation 6 represents the convec-
tion-type thermal exchange between the cornea and the
ambient. Bioheat equation parameters’ values are given
in Table 2.

The temperature rise (TR) rate of change is represented
as the sum of all heat effects, such as, the metabolic heat
effect, the cooling down / heating up effect due to arterial
blood flow, and the net heat conduction-type effect in the
human tissue.

Pressure wave modelling

Hence, we need to model the ultrasound transient push
that is imparted to the corneal tissue mathematically in
terms of its pressure function. Then by substituting with
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this imparted pressure to the medium in Eq. (5), we solve
for the temperature rise (TR) for the corneal tissue due
to this imparted transient push. The ultrasound pressure
push is modelled mathematically for a circular planar pis-
ton by Rayleigh-Sommerfeld integral [27], [28] and given
by Eq. (7):

p(Z,U)) _ pcv(](e(vlkz) _ eik’ (22—(1,2)) (7)

Where a is the radius of the circular piston transducer,
v0 is the uniform velocity field over the entire aperture,
k is the wave number, and p is the density. The equa-
tion states that the pressure wave generated is due to two
components the direct wave component which is equal
to ¢(i#2), and the edge wave component which is equal to
¢iky/(:2-a?). Both components form the on-axis pressure
wave. However, for a focused ultrasound transducer the
equation can be reduced to Eq. (8). Focused ultrasound
transducer can be visualized by means of Fig. 3, where
the spherical aperture is denoted by the surface S, the cir-
cular aperture is of radius a, and the spherical surface is
of radius R, Now the integral can be reduced to the fol-
lowing equation:

) _ PCY (e(ik:z)

ikre
do ) ®

pz,w

Wher als

((z = h)* = a?).

The resulting pressure wave that is imparted to the cor-
neal tissue is represented graphically by Fig. 4. The result-
ing pressure wave is fed into Eq. (5) in order to obtain the
temperature rise (TR) due to its effect. The pressure wave
distribution presented by Fig. 4 is for both the axial line
in front of the transducer and the average pressure wave
for lateral positions around the transducer’s center.

to 1-z/R, and r, equals to

Results and discussion

Simulation is performed using MATLAB program
(R2020b) and using a machine of 8 GB RAM and core i5
processor with a best value of execution time of 3.3 msec
for transient load scenario and 4 msec for constant load
scenario.

Constant load
For the Kelvin-Voigt model, when a constant load is
applied, it starts to deform instantaneously till it reaches
an asymptote. The model describes the instantaneous
(elastic) deformation due to sudden load, but it fails in
describing the viscous damping deformation effect of the
viscoelastic material.

The applied constant load is shown in Fig. 5(a). Kel-
vin-Voigt model time dependent strain (deformation)
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Fig.4 Resulting on-axis pressure wave

behavior due to applying constant load is presented in
Fig. 5(b). The material does not recover from its defor-
mation, but it continues to creep constantly. The defor-
mation amplitude due to the applied constant load is
about 4.4 mm. The material reaches its peak deformation
amplitude at 3 msec approximately.

The standard linear solid model is able to describe
both the instantaneous (elastic) deformation and the
viscous damping deformation of the material. The time
dependent strain behavior due to constant load is shown
in Fig. 5(c). The deformation amplitude due to this con-
stant load is about 1.1 mm. The material reaches its peak
deformation amplitude at 0.45 msec approximately. The
material returns to its original state recovering from its
deformation.

From the constant load simulation, it is clear that the
standard linear solid model is able to describe the cor-
neal tissue viscoelasticity more effectively. This is because
it models the material recovery from deformation and
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Fig. 5 (a) Constant load, (b) Kelvin-Voigt model time dependent strain behavior and (c) Standard linear solid model time dependent strain behavior
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Fig. 6 (a) Sinusoidal load burst, (b) Kelvin-Voigt time dependent strain behavior to transient load and (c) standard linear solid model in Kelvin-Voigt time

dependent strain behavior to transient load

because it predicts more reasonable deformation ampli-
tude value compared to Kelvin-Voigt model.

Transient load

The applied transient sinusoidal load burst is presented
in Fig. 6(a). Kelvin-Voigt model yields a sinusoidal strain
behavior that increases with time. The model describes
again the instantaneous elastic deformation effectively.

However, it fails in describing the viscous damping
behavior. The deformation amplitude reaches 0.007 m
approximately and continues to increase with each new
cycle of excitation which is not logical for corneal tissue.
This behavior is presented in Fig. 6(b).

Standard linear solid model behavior is presented
in Fig. 6(c). The model predicts the material to have
an instantaneous elastic deformation combined with
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Fig. 8 Temperature Rise (TR) in Celsius for the axial line extending from
the transducer face till the posterior part of the human eye

exponential damping for deformation behavior. The
deformation amplitude is approximately 1.2 mm which
decreases significantly with each cycle of load excitation
till reaches original state. The deformation amplitude is
reasonable for cornea tissue in response to the applied
transient load compared to the deformation amplitude
predicted by Kelvin-Voigt model.

In terms of temporal localization, where the defor-
mation is supposed to be highly localized within short
temporal duration, the predicted behavior due to Kelvin-
Voigt model is not suitable as it does not fulfill the tem-
poral localization for the corneal deformation. On the

other hand, standard linear solid model predicts properly
the temporal localization of the corneal deformation.

The deformation behavior is calculated for different
multiple elastic moduli starting from 150KPa to 3 MPa to
investigate the mathematical model behavior for a wide
range of elastic moduli using SLS model. This is done in
order to understand the behavior in both pre-refractive
and post-refractive states of the cornea. The complete
behavior of the mathematical model for transient load is
presented in Fig. 7. It is observed that the behavior is a
non-linear behavior.

Temperature rise (TR)

The temperature rise (TR) along the axial direction of the
transducer is presented by Fig. 8. Temperature rise (TR)
is at its maximum near the ultrasound transducer with
a AT of 0.9 °C. while at the corneal tissue the tempera-
ture rise is about 0.17 °C. In addition, corneal thermal
behavior is observed to be exponentially decaying with
two decaying rates. The first decaying rate is found in
the region between the transducer and the surface of the
corneal tissue, where this decay rate is slow. The second
decaying rate is faster than the first one and found in the
region where the corneal tissue is involved and the rest of
the human eye structure. Second thermal decaying rate is
observed to be faster than the first one because the cor-
neal tissue absorbs much of the imparted thermal energy
than the saline cup does. Also, faster decaying rate is
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Fig. 9 Temperature rise 2D spatial map due to pushing beam

due to the fluid-like structures in the human eye such as;
aqueous humor in the anterior chamber and the vitreous
humor in the posterior chamber, which both act as heat
sinks for the imparted thermal energy.

The 2D distribution for the pressure wave generated by
the ultrasound transducer is calculated as well and fed to
the bioheat equation in order to calculate the 2D temper-
ature rise around both the corneal tissue; anteriorly and
posteriorly; and inside the corneal tissue itself. The 2D
spatial map for the temperature rise due to the pushing
is calculated using bio-heat transfer equation [29] and is
presented in Fig. 9.

In terms of temperature rise due to pushing beam, the
increase in temperature is concentrated at the proximal
area of the transducer forming a delta shaped area of
temperature of about 0.9 °C. Hence, the temperature rise
is concentrated in front of the transducer directly. From
literature, there is a debate about the acceptable tempera-
ture rise due to ultrasound waves. As in [30], a tempera-
ture rise from 1 to 2 °C is acceptable for all body organs.
However, tissue temperature may increase by as much as
10 °C, raising safety concerns even though the acoustic
output was still within the Food and Drug Administra-
tion’s recommended maximum output exposure level for
diagnostic ultrasound [31]. Moreover, The FDA regulates
the temperature rise (TR) of tissue to be no more than
6 °C as stated by [32]. In general, the anterior chamber
contains a watery-like fluid called aqueous humor, and
the posterior chamber contains a gel-like fluid called vit-
reous humor. Fluids inside the human eye either in the
anterior chamber or the posterior chamber act as a heat
sink for any generated heat. By consequence, the thermal
effect induced due to the acoustic radiation force impulse
is reduced by these fluids.
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Conclusion

In this paper, two mathematical models are proposed to
simulate corneal viscoelastic behavior. Their performance
is compared when applying a constant and transient load
respectively. The simulation time is 5 msec for both mod-
els. The constant load is applied for the whole simulation
time, while the transient load is applied for about 2 msec.

From the obtained results of the two proposed mod-
els and with comparison of these two models with each
other, it is concluded that standard linear solid model
is describing the human corneal behavior in response
to constant and transient load more efficiently. This is
because of the lack of Kelvin-Voigt model in describing
the viscous damping behavior of corneal biomechanics.
Also, because the deformation amplitude in Kelvin-Voigt
is greater than the reasonable values for the corneal tissue
for the same applied load either constantly or transiently.

On the other hand, standard linear solid model predicts
a reasonable deformation amplitude for corneal tissue for
the same applied load either constantly or transiently.
This model also describes the viscous damping behavior
of the corneal tissue efficiently.

Also, the thermal behavior of the corneal tissue is cal-
culated using bioheat transfer equation. Temperature rise
for corneal due ultrasound pressure push is calculated.

Both the axial and 2D spatial distributions of the tem-
perature rise is calculated for the corneal tissue. Maxi-
mum temperature rise (TR) of about 0.9 °C is found to
be near to the transducer face. However, the temperature
rise for the corneal tissue is found to be about 0.2 °C,
which is less the FDA regulations for soft tissue safety.

Study limitations

We used the fundamental models in biomechanics as a
first step in modelling corneal biomechanics. We did not
include other advanced models such as Prony and Kevin
series with more model parameters for this study. How-
ever, we intend to include them in our future improve-
ment of the presented mathematical model to improve
the results.

In addition, we calculated the temperature rise for one
certain ultrasonic push. Yet, in the future improvement
we intend to calculate the temperature rise for a range of
ultrasonic pushes in order to determine the maximum
push after which the temperature rise inside the cornea
will exceed the threshold recommended by FDA. This
will guide the manufacturing specifications of the ultra-
sound probes.
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